A new optical transformation that combines geometrical coordinate transformations with the conventional optical Fourier transform is described. The resultant transformations are invariant to both scale and rotational changes in the input object or function. Extensions of these operations to optical pattern recognition and initial experimental demonstrations are also presented.
Introduction
Considerable attention has recently been focused on extending the flexibility of the operations possible in an optical processor. This work has involved various geometrical transformations, preprocessing of imagery by halftone screens, 2 nonlinear operations using optical feedback, 3 and Mellin transforms, 4 5 among others. The Mellin transform has been shown to be quite useful in the correlation of imagery that differs in scale, since this transform is scale invariant. In this paper, a new transformation that is invariant to both a scale and a rotational change in the input image is discussed. Experimental demonstrations of the optical implementation of this transformation are presented. Its use in optical pattern recognition is discussed, and the experimental results of an optical correlation that is scale and rotationally invariant are included.
The need for such transformations and operations is quite apparent when one considers Figs. 1 and 2. In Fig.  1 , the SNR (signal-to-noise ratio) of the correlation peak is plotted vs the percent scale change between the input and holographic matched filter function. The analogous plot of SNR vs the rotation angle between the input and filter function is shown in Fig. 2 . These plots were experimentally obtained on a 35-mm transparency of an aerial image with about 5-10-lines/mm resolution.
The rate of decrease of SNR increases with the space bandwidth product of the image. The SNR is seen to decrease from 30 dB to 3 dB with a 2% scale change and from 30 dB to 3 dB with a 3.50 rotation. These represent severe losses and demonstrate the practical problems associated with an optical pattern recognition system. These scale and rotation problems can be addressed by scanning the image point by point, digitizing the data, and performing the operations to be described
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Transformations
Several methods of overcoming these scale and rotational problems have been considered. One approach involves the storage of many multiplexed holographic spatial filters of the object at various scale changes and various rotational angles. While theoretically feasible, this approach suffers from a severe loss in diffraction efficiency proportional to the square of the number of stored filters. In addition, a precise synthesis system is required to fabricate the filter bank as well as a high storage density recording media. The second approach that has been suggested involves positioning the input behind the transform lens. As the input is moved along the optical axis, the transform is scaled. While useful in the laboratory, this method is only appropriate for smaller 20% scale changes. Since this method involves mechanical movement of components, it is not compatible with the real-time capability of an optical processor. Similar mechanical rotation of the input can also be used to compensate for orientation errors. However, limitations similar to those in the mechanical scaling system are still present.
The novel method to be discussed overcomes the practical problems present in the above implementations by utilizing a transformation which is itself invariant to scale and orientational changes in the input. of the scaled
from which the magnitudes of the two transforms are seen to be identical. The optical implementation of the Mellin transform has been previously discussed, 4 and it has been shown that These shifts in F(r,0) space due to a rotation in the input can be converted to phase factors by performing a one-dimensional Fourier transform on F(r,0). This operation will prove useful in the eventual correlation of two scaled and rotated images. If the one-dimensional transform of F(r,0) in the 0 direction is denoted by G (r, o) , the one-dimensional transform of the original unrotated input,
is given by
G(r,wo) = Gi(rwo) + G2(r,wo),
whereas the transform of the rotated input,
is described by
If these scale, rotational, and positional transformations are combined, the system block diagram shown in to convert the shifts due to 00 to phase terms as described by Eqs. (4)- (7) . The resultant function is thus a Mellin transform in r and hence is denoted by M in Fig. 4 . If the complete transformation of f(x,y) is represented by
the transformation of the function f'(x,y), which is scaled by a and rotated by 00, is given by
Correlations
The positional, rotational, and scale invariant (PRSI) correlation is based on the form of Eqs. (8) If the intensities of these two cross-correlation peaks are summed, the result is the autocorrelation of F(expp, 0). Therefore, the cross correlation of two functions that are scaled and rotated versions of one another can be obtained. Most important, the amplitude of this cross correlation will be equal to the amplitude of the autocorrelation function itself. From the locations of the cross-correlation peaks, the scale factor a and the rotation Oo between the two functions can be obtained. By forming the magnitude of the Fourier transform in the initial step in Fig. 4 , positional information was lost. To retrieve these data, the input can be scanned 6 or the scale and rotational data from the PRSI correlation can be used to perform conventional correlation.
Experiments
The real-time implementation of the PRSI trans- of real-time reusable spatial light modulators. 7 -9 Other promising methods using computer generated geometric transformation filters can be utilized. This will be the subject of a future paper. The optical implementation of the Mellin transform in r has been previously discussed. 4 The Fourier transform in is the conventional optical operation. Thus all operations denoted in Fig.   4 can be realized on an optical processor, and F(expp, 0) and F'(expp, 0) can be produced.
The actual correlator section of this PRSI correlator is shown in Fig. 6 . It is analogous to the conventional frequency plane correlator 1 0 and will thus not be ex- with a photometric microscope. The periodic structure in the cross-sectional scans in Fig. 10 and in Fig. 9 is due to the repetitive pattern in the input.
The central autocorrelation peak in Fig. 10(a) is shifted in Fig. 10(b) by the Oo = 90° rotation between the two inputs. The sum of the amplitudes of the crosscorrelation peak B in Fig. 10(b) (29 dB) and the peak C (shifted by 2r) (21 dB) is found to equal 920 which equals the amplitude of the autocorrelation peak A (30 dB = 1000) in Fig. 10(a) within 8%. This is well within the accuracy of these experiments. The displacement of the correlation peak from the p' axis is found to be proportional to the scale difference a = 200% between the two inputs.
Thus, input objects that differ in scale as well as rotation can be correlated optically. In addition, the scale change and amount of rotation can be determined from the coordinates of the correlation peak. At present, the sum of the outputs of two detectors spaced by 2 -r is required for no loss in SNR in the cross correlations.
Summary/Conclusion
A new optical transformation that makes possible the optical correlation of two objects that differ in both scale and rotational alignment has been discussed and initial experimental demonstrations performed. This technique, and similar approaches in which the operations performed by an optical computer are extended, should be of major practical importance in optical pattern recognition and optical data processing.
